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lO . Abstract: We consider the one-loop B^h^ and B'^h amplitudes in type II string theory, 

where B is the NS ® NS two- form and h the graviton, and expand to lowest order in a' . 
After subtracting diagrams due to quartic terms in the effective action, we determine the 



^^ ' presence and structure of both an H'^B? and H^i^HYR term. We show that both terms 

oo ■ 

O 



are multiplied by the usual (ts^s i ieioeio) factor. 
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1. Introduction 

In a recent paper |l| we considered the one- loop five-graviton amplitude, h^, in type II 
string theory. From its low-energy expansion we concluded that R^ and V^i?^ terms are 
absent from the effective action, but that V^-R^ terms are present, where R is the Riemann 
tensor. This paper considers similar amplitudes but with NS NS two-form potentials, 
B, replacing some of the gravitons. In particular we consider the one- loop B'^h^ and 
B'^h amplitudes and expand to lowest order in a'. This reveals the presence and tensor 
structure of H^R^ and H^{VH)^R terms in the effective action, where H is the field 
strength associated with B. 

For our purposes, the low-energy effective action is a functional of the massless spec- 
trum of string theory such that, even for string loops, only tree diagrams are required 
to reproduce string amplitudes. This is the sense in which the famous R"^ correction to 
supergravity, as in for example 0, should be interpreted. After expanding an amplitude 
for small a' , new terms in the effective action can only be determined after diagrams due 
to previously-known terms are subtracted. For example, before we can find H^R? from 
the lowest-order expansion of the B^h^ amplitude, it is necessary to subtract diagrams 
involving quartic effective action terms, such as the iV H)'^R? term. 

We calculate amplitudes using the light-cone gauge GS formalism, which requires that 
k'^ vanishes for all external states. As a consequence, there are certain terms, both in 
amplitudes and in the effective action, that cannot be discovered. For example, eioeio 



terms with fewer than two contractions between the epsilons, such as (3.13) in [y], will be 
missed. Similarly, the Bh'^ amplitude, and hence the one-loop B A tgR^ term found in Q, 
will not be found. However, all other terms, and in particular eioeio terms with at least 
two contractions between the epsilons, will be seen. 

The plan of this paper is as follows. In section |2| we review the one-loop four-graviton 
amplitude, the associated i?^ term in the effective action, and its extension to include 
NS (8) NS two- forms found in Q. The B^h^ amplitude is calculated in section ^ and then 
expanded to lowest-order in a'. Section ^ is concerned with expanding the quartic effective 
action and calculating the relevant diagrams. After these are subtracted, the remaining 
terms are covariantised to discover a new t^t^H^E? term. The whole analysis is extended 
to the B'^h case in section ^, which results in a new tstgH'^ {V H)'^ R term. Finally, section 
|6| pays closer attention to eg terms in the amplitudes. This shows that the tgtg in both 
H'^R^ and H^{VHfR should be generalised to {tgts ± ^eioeio), with +/- for IIB/IIA, 
where one pair of indices is contracted between the epsilon tensors. Throughout we will 
use a metric with signature {— ,-|-,-|-,-|-,...} and will often set 2a' = 1. 

2. The Effective Action from Four-Point Amplitudes 

Before considering amplitudes for five states, we review terms in the effective action which 
arise from four-particle amplitudes involving gravitons and NS (8) NS two-forms. For the 
case of four gravitons the one-loop amplitude is well-known to be given by ^ 

^- = ^ £(i^ L n ^'^^' ^(x^^)^^^■^ (^-d 

with 

TV- _ ,aibi---a4,b4,^cidi---C4d4i.l r,l r 1 7,2 7,2 .2 .3 7.3 ;^3 t.4 .4 .4 (^ r,\ 

where the four gravitons have polarisations /i^ ^ and momenta /c^ , and r ranges from 1 
to 4. Here Vr are the positions of the vertex operators on the torus and their integrals 
are taken over the rectangular region — 2 < Rsu < 2, — 2^TaT < \mv < 2lnir, denoted 
by T; whereas the variable r parameterizes the modulus of the torus and so is integrated 
over a fundamental domain of SL{2,Z), denoted by J^. The function Xrs = xi^r — Vs,t) 
is a non-singular, doubly periodic function of v and v which is given explicitly in [y]. The 
tg tensor originates from a trace over eight fermionic zero modes and can be written as a 
sum of an eg tensor and sixty 6666 tensors [^. Often tg is defined without the eg tensor, 
especially when written in effective actions, and we will clarify this issue later. However, 
for the four-graviton amplitude this difference is not important since the e parts vanish by 
momentum conservation. 

As shown in 0, |^, |^, the integrals in ( |2.lD only converge for s = t = u = where s, t, 
u are the usual four-particle Mandelstam variables defined in [l|. Even for complex values 
of the momenta, the convergence is only for purely imaginary values of s, t and u. The 
resolution is to analytically continue from the imaginary axis to the entire complex plane. 
Only then can the amplitude be shown to contain the correct massive poles and threshold 
cuts demanded by unitarity. 



The low-energy expansion of one-loop amplitudes can be quite involved [|10| , |l|, but 
since we only require the expansion at lowest-order in a' the situation is much simpler. To 
find the lowest-order expansion of (|2.1|) we set kr ■ ks to zero for all r, s giving 



A^hL'^ = K / -2 = -K, (2.3) 

where the power of a' is, as throughout this paper, relative to the Einstein-Hilbert term. 
It is trivial to covariantise this and find the famous t^tgR'^ term in the effective action. If 



this one-loop term is combined with the equivalent tree- level result found in |11| then the 
a'^ term is given in Einstein frame by 



«'3 f S\,/^g ('2C(3)e-3<^/2 + ^e^A 7^^ (2.4) 

where 71!^ is shorthand for 

,aibia2b2azb2a4b4,,cidiC2d2C-idzC4d4 T> T> T) j^ ('} K\ 

''8 ''8 ^^aibiCidiJ^a2b2C2d2^^a-zb-zC3d-z^^tnbnCidii \^-'-') 

and where we have fixed the normalisation for the string S-matrix so that the one-loop 
term contains an extra factor of 2tt relative to the tree-level term [^]. 

In the case of IIB it is possible to extend the 7^^ term to all orders in the string coupling, 
even including non-perturbative effects. It was shown in g, ^, 14, 15| that the complete 7?.^ 



action is given by a'^ f d}^x^J—g Z3/2 {t, t)TZ'^, where Z3/2 is a non-holomorphic Eisenstein 
series given by 

^ (Imr)3/2 
^3/2(^,7^)= }. ] : — f3 

(m,n)7^(0,0) ' ' 

= 2C(3)e-3'^/2 + — e<^/2 

+ 47r V ^(fc)e-2'^(l^l^-'-^^'"')fei/2(l + -J—e^ + ...), (2.6) 

with ij,{k) = X^difc '^^^- Here r, which should not be confused with the modular parameter 
in one-loop amplitudes, is the usual combination of the Ramond-Ramond scalar and the 
dilaton, r = C^^' + ie~'''. The expansion shows that there are no perturbative contributions 
beyond one-loop, but that there are an infinite sum of single D-instanton terms, with 
characteristic e^'^ behaviour, which were first studied in [^. 

Four-particle amplitudes containing NS (^ NS two- forms were first studied in |^] . The 
result is identical to ( |2.1| ) but with the relevant replacements of hat by Bab in -f^- Amplitudes 
with an odd number of B fields trivially vanish since K changes sign under (ar,br) ^^ 
{cr,dr). [^, where terms involving dilatons were also studied, showed that the lowest-order 
contributions to the effective action can be written exactly as in (p^) and ( |2.5| ) but with 
Rabcd everywhere replaced by 

Rabcd = Rabcd + \e~'''''^'^ [aHb]cd " i9[a[^ Vfo] V^, (/), (2.7) 



where Habc = '^'^[aBbc] is the field strength associated with Bab- This leads to various new 
terms such as R^{\/H)'^, (VH)'^ and i?^VV</>. The vanishing of terms involving an odd 
number of H fields follows from parity^ . 

3. The B'^h^ Amplitude and its Low-Energy Expansion 

Using the light-cone gauge Green-Schwarz formalism, we now calculate similar one-loop 
amplitudes but with five rather than four states. The case of five gravitons was considered 
in [Q. Here we will replace some of these gravitons by NS NS two- forms. It is no longer 
true that amplitudes with an odd number of B fields, such as Bh'^, will vanish. However, 
the non-zero piece will be entirely contained in the eio^s part; the tgtg and eioeio terms 
will still vanish. Since, as mentioned above, the eio^s pieces cannot be seen using this 
formalism, we instead choose to focus on the B^h^ and B'^h cases. 

The B'^h'^ amplitude proceeds exactly as in the five-graviton case in [|^, simply with hi 
and /i2 replaced by Bi and -62- Here we only sketch the calculation and refer the reader to 
Q for details. Let the two-forms have polarisations Bi, B2 and momenta ki, ^2 respectively, 
and let the gravitons have polarisations hi,h2, h^ and momenta k^^k^, k^ respectively. The 
two-forms differ from the gravitons in that their polarisations are antisymmetric rather 
than symmetric. Both the graviton and NS NS two-form vertex operators are given by 



m 



VhMk,^) = Cac{dX-{z) - R-'{z)k'){dX'{z) - R^\z)k'')e'^-''^'\ (3.1) 

where C,ab is the polarisation and R"'^{z) = \S{z)'^^'^qS^{z). Motivated by the usual 
prescription for calculating GS amplitudes, explained in |^], we consider 

AB2h3= J cfr J fld\.fd^%TT(vB{ki,pi)VB{k2,P2)Vh{k3,P3)---w''^ilj''''^ , (3.2) 

where v^ = ln/)^/27ri, r = \nw/2Tri, and the trace is over all a, a, S and S modes. The 
trace over S vanishes unless there are at least eight Sq zero modes (and similarly for S) 
and so there are only three types of term to consider: one term containing R^W, ten terms 
containing dXR^W or R^dXR'^, and twenty-five terms containing dXR'^dXW'. 

If we suppress the polarisation tensors and perform the traces and p-integral, then the 
R^R? term can be evaluated as 



(f 



T 



jr(Imr)5 



•^^r=l r<s 



X ^^lfela2fe■■■+^i-a^.^a.6....^,(^^^^^)^^c,^dlc,d,..^^ (3 3) 



r<s r<s 



where, for example, t^g^^^"^^- is shorthand for t^ibiaibiaib^a.bsask, ^ ^^^^ ^^^ ^^^ ^^^ ^^^ ^.^^_ 
index tensors, which can both be written as sums of tgJ tensors, as given in the appendix 



^This only applies to fgis and eioeio terms. Terms involving a single eio are not forbidden, such as the 
B A is-R* term found in IIA |p|]. 



of Q. The function r]'{vrs,T) can be expressed in terms of Jacobi theta functions via 
m{2r]'{v,T) + 1) = -9[{v,t)/9i{v,t). Similarly, the dX{pi)R^R^ term gives 



^^ ' ■^^r=l r<s 



X i"^''--^"^ ( Y, K'nivrur)) (tlf'^^'''- + Y, tT5'^'=='^-^'(^r., r)) , (3.4) 



r^l r<s 



where ri{v,T) = —r]'{v,T) + ^^ — |. Other dXR^R^ terms and the R^dXEf^ terms are 
given by similar expressions. Finally, evaluating the traces and p-integral for, for example, 
dX(pi)R^dX{p2)R'^ gives 






,2, . 4 



^ ' •''^ r=l r<s 



5 5 \ 

x\Yk'^^rj{vri,T) Y K'v{vs2,r)-26^^^^n{vi2,r)\t'',^'''''''--tl^'''''''''---, (3.5) 

r=2 s=l,sjt2 J 

where Cl{v, r) = — l/(27rlm r). Again there are similar expressions for the other dXR dXR 
terms. 

Using various identities given in the appendix of Q, both tio and tio can be eliminated 
in favour of t% tensors. This allows the full amplitude to be packaged together as 

X I ^?7(frs,r)Ar.s^ry(t;r.s,r)^r.s + ^il(t;.rs,T)Crs I 
\r<s r<s r<s / 

where the indices on A^s, Ars and Crs have been suppressed for brevity. 



(3.6) 



Au = k^Hh + A;2)^A:^^A;^U^H^i^''3b3a4fe4a5b5 
— k'^^(k-\ + ko)^k'^^k^'^k'^^t"'^^"'^^^'^'^^'^'^^'^^ 

xaia2 i,bi I 62 i,b3 rfii ij>5 J>\b2a3b3aib4,ac,b5 

V rb-i rvn rvrt fVA nyr bo 

-ki-k2 kl^kl^klHl^"^"^^^"^^^'"''^'' (3.7) 

and 

(J _ _^^aiC2j^b2i^baib4,i^b5j^diid37d4id5^a2b2a3b3a4,b4a5b5,cidiC3d3C4d4C5d5 /o o\ 

^^ 234513458 8 ' V*/ 

Ai2 is the same as A12 but with Cr replacing a^. The other A^s and C^s are similar but 
with the relevant permutations of the momenta and polarisation indices. The amplitude 
contains massless poles in kr • kg which originate from the Vrs integral over |r/(z;j.s,r)p. 

There is no known way of explicitly evaluating the integrals over Vr and r. However, 
it is still possible to expand them for small values of a' . Since we are only interested in the 



expansion to lowest order, there are only two types of integral that must be considered^, 



K 

It 



T 



*- ' -' '^ r'=l r'<si 

^ ' •' '^ r'=\ r'<s' 



72. 

\r]rs\\ (3.9) 



where fij-s = ^{vrs,T) and similarly for rj^s- Since ^rs is independent of v^s, we write K 
without any subscripts. Using the definition of ^rs, the lowest-order expansion of K is 
easily found by setting kj.' ■ kgi to zero for all r', s', 

1 /■ dV 1 , , 

At lowest order the expansion of 1,8 is a pole term and so it cannot be studied simply by 
setting kf.i ■ ks' = 0. However, it is clear that the pole originates from the corner of the 
integration region where Vr -^ Vg- Then the pole can be extracted by writing Vrs = \v\e 
and integrating over a small circle around Vrs = 0. From the small v behaviour of Xrs and 

Vrsi 

2 

xiv,T) r^2Tr\v\, ^*^^'^) ~ ~27ru' ^^■^^'> 

it can easily be shown that in the small kr ■ ks limit, 

where the prime on the product indicates that {r',s') = (1,2) is not to be included, and 
1^2 means that vi' is to be replaced by V2' everywhere within the product. The r and 



Vr' integrals are exactly those that appear in the four-graviton amplitude {2A), which of 
course must be the case from unitarity, and so their low-energy expansion begins with 7r/3 
as in (^), giving 

-^rsU'-i = 7-71 p: (3-13) 

ba kr ■ kg 

where a' has been reinstated using 2a' = 1. So the lowest-order expansion of the amplitude 
( |3.6| ) is given by 

AB2h3,tsts\a"l' = — ^-S^^ci-Sa2C2^a3C3^a4C4^a5C5 X] [ k -k ^'^''''^^ -Crsj, (3.14) 

r<s \ r s J 

where again we have reinstated ol . 

Unlike the five-graviton version in Q, various terms within the |^i2p, l^inP and |^2nP 
parts, with n = 3, 4, 5, vanish due to identities such as k\k\B,2,ah ~ ^ ^^^ ^'i^iah ~ ^- -^°^ 



^The other possible integrals all vanish at lowest order in a' . 



example, of the twenty-one terms in |ArsP) only fifteen survive in the |^i2p part, 

kl ■ k2 ^ 

+ ( - 2kiek\^ Bl^^^ Bf' - 2kieB'^''''k^^'Bf' + 2k\' Bi^"' k^B^"^' 

+ 2Bie'=ifc|fc^iS^i'^i + Ikl'Bie'^'kl'Bf^ + kieBl'^'klB^^"^A, (3.15) 



which is all multiplied by ^Ua^b^---hc^d^---kfkfh\^'^^kfkfhY''kl''kl^hl^^\ Similarly, 
for the |j4i3p part only seventeen terms remain, 

T-^{ + kiekifk\'kfBl^^^h\^ + 2kiekifk\'B^'^^k^'hl^ - 2kiek\^ k'^^ BlKk{hl^' 

+ (- 2kiek\^Bl^^^hf^ - 2kieB^'^'kl'hf' + 2k\'Bie^^klh1"^' 

+ 2Bie'''klkl^h1^'^^ + 2k1^Bif^k^^hf^ + ytie^i^^'^fc^/ij^'^^) , (3.16) 



which is ah multiplied by ^t^a^b^---hc,d,---k2^k''^'Bl^'^^kfkfh^2^'^''kl''kl^hl^'^\ These ex- 
pressions will be important for matching with the field theory diagrams in the next section. 

4. Consequences for the Effective Action 



The expanded amplitude in ( 3.14| ) can now be compared with the same amplitude calcu- 
lated from known quartic terms in the effective action, such as i?^ and R'^{VH)^. These 
terms, however, will not account for the full amplitude, and the remainder will require new 
H'^R^ terms. 

At lowest order the effective action consists of the usual supergravity terms, which in 
Einstein frame are given by 

S^,o = I d^^xV^ {R - ^e-'t'H'^ - i(5(/.)2). (4.1) 

Einstein frame is used to avoid mixing between the dilaton and graviton propagators. It 
is important to include the dilaton since there are diagrams where a dilaton propagates as 
an intermediate particle. As mentioned in section |2|, the first correction to S^/o occurs at 
order a'^. For our purposes, only the one-loop correction is relevant. 



_ 27r2 

'a''', 1— loop n 



'3 /"dlO^E^^e^/^ t''^^'^^-tl^'''-Ra,b,c,d, ■ ■ ■ Ra,b,c,d„ (4.2) 



where Robed is given in (|2.7| ). In particular, for matching with the B^h^' amplitude, only 
the tgtsR'^, tstsR^iyH)'^ and tstsR^{W4>) terms are required. 



4.1 Expansion of Various Tensors 

Before we can expand the terms in 5q,/o and S^'s , we need the expansions of the various 
fields and tensors involved. Consider a small fluctuation of the metric about the Minkowski 
metric, Qab = Vab + i^hab, where k is presumed small. In subsequent expressions we will drop 
factors of k since they can easily be reinstated. The expansions of the Riemann tensor, the 
Ricci scalar and the fg tensor were given in ||l| and we refer the reader there for details. 

At most we require the expansion of the Riemann tensor, Rabcdi to second order in h. As 
explained in Q, since we are only concerned with five-point amplitudes, a Riemann tensor 
expanded to second order is guaranteed to be multiplied by a tensor which is antisymmetric 
in a <->■ 6 and c ^^ d, and symmetric in {a, b) <-> (c, d). With this understanding, the 
expansion to second order simplifies to 

Rabcd = 2dadchbd + dah/ddhe + dahfdbhde - 2d''hacdbhde + \d''hacdehbd- (4.3) 

The expansion of the Ricci scalar begins 

R = Uh- dadbh"'' 

-h''\Uhab + dadbh-2dad''hbc) 

- Idahb^d'^h'^ + Idahbcd'h'^' + d'^habdch"' - d^Kbd'h + lO'^hdah, (4.4) 

where h = h^-a- Although we actually need the expansion to third order in /i, we do not 
need the explicit expression and so there is no need to write it here. 

Since the tg tensor is formed from products of the metric, it is important to also consider 
its expansion. As for the Riemann tensor, since whenever tg is expanded to first order it is 
always multiplied by tensors which are symmetric under, for example, (a, h) <-> (c, d), the 
expansion reduces to 

.abcdefgh .abcdefgh nfu aAbcdefgh _. t bj.aicdefgh\ /i r\ 

where f g is formed out of products of the curved metric, g, and tg is the equivalent expression 
formed out of the Minkowski metric, t/. 
The expansion of H^ is achieved using 

H^ ^ g-dgb-g-fHabcHdef ^ 3^ g^'^'g"' g'^V [aBbc]"^ [dBef] (4.6) 

and remembering that it is also necessary to expand the covariant derivatives. It is readily 
found that, up to first order in h, 

2H^ = daBbcid^B^^ + Id^B"") 

- h''\daBbcddB'>' - AdaBbcd'Bf + IdbBacd^B/ - 2dbBacd'B/). (4.7) 

Since we need the expansion of S^n up to terms involving five fields, we require the 
expansion of ^[aHb]cd up to first order in h. The zeroth order contribution is trivial and the 
first order terms originate from expanding the Christoffel symbols within the derivative. 
When V[aiJfe]cd is expanded to first order it is assured of being multiplied by an expression 



which is manifestly antisymmetric in a <-^■ 6, antisymmetric in c <-^■ d, and antisymmetric 
in {a,b) <-> {c,d)^. With the understanding that V[a//fe]cd is multiphed by a tensor with 
such symmetries, the expansion simphfies and, up to first order in h, can be written as 



2^laHb]cd = dadcBdb + dah^ddB^e + Oah/dbBed 

1 

2 



d'KcdbBed - dahfdeBbd + i^^/iac^e^M, (4.8) 



which, although similar to the expansion of the Riemann tensor, differs due to the different 
symmetries of hab and Bab, and the missing factor of two in the zeroth order term. 

4.2 Propagators 



From (4.1) we can derive the propagators for the graviton, the NS<SiNS two-form and the 
dilaton. Since the dilaton is a scalar, its propagator is simply D = 1/k'^. For the graviton 
we consider the Einstein-Hilbert term which, after dropping total derivatives, is given up 
to second order by, 

SaO,R = \t d^^x {dahbcd'^h'"' - Oahd^h + 2dahdbh''^ - 2dahbcd^h''^), (4.9) 

which is invariant under the gauge transformation 

hab^Kb+daCb + dbCa, (4.10) 

where Ca is an arbitrary one- form field. After fixing the gauge invariance using the de 
Bonder gauge, d"'hab = 2^&^i the graviton propagator can easily be shown to be 

„ Vacllbd + Vadribc " IVabVcd /a -,-,\ 

^ab,cd = p • I4.iij 

To find the propagator for the two-form we first fix the gauge invariance, Bab ~^ 
Bab + ^[aCb], by adding the gauge fixing term XdaB'^'^dbB^c to the action. Then, after 
removing a total derivative, the part of (pTJ) quadratic in Bab becomes 



Sa'^H^ = -Jl[ d^'^xidaBbcd'^B'^' - 2Bbcdad'> B'^ + lAXB'^^dadbBK). (4.12) 

Now we write the integrand as BabV Bed and try to invert V , by which we mean 
solve D'^f^^^V^'^ef = ^[a|e|%]/- This can only be achieved for the particular choice A = — ]^, 
after which we find 

T-)/ _ VacVbd ~ ^adVbc , . .. „n 

^ab,cd — p • 1*--L'3j 

4.3 Evaluation of Diagrams 

The expansions of S^m and S^n lead to several three-, four- and five- vertices which appear 
in B^h? diagrams. Firstly, the Einstein-Hilbert term contains the usual three-graviton 
vertex. Further, the kinetic term for the NS ® NS two- form, e~'^H'^ = H^ — (j)H'^ -|- . . ., 



^This antisymmetry follows since, from the Bianchi identity, V[a-ffi,]cd ~ ~V[c-ffd]a6 



h>-h ^>-h ^>-^ h^h h^ 



h 



B h 



Figure 1: Field theory vertices relevant for the B^h'^ amplitude. From left to right: a three-vertex 
from R, two three- vertices from e~'^H'^, and three four- vertices and a five- vertex from R^. 
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Figure 2: Field theory diagrams contributing to the B^h^ amplitude. 



gives a BBh three- vertex from the expansion of the first term, and a BB(p three- vertex from 
the second term. The quartic one-loop term, S^/s, leads to three relevant four- vertices: a 
four-graviton vertex, a three-graviton and one-dilaton vertex, and a two-graviton and two- 
S-field vertex. Finally, the B^i^H)^ term in 5^/3 generates a BBhhh five- vertex. These 
vertices are shown in figure || where a vertex surrounded by a circle originates from the 
one-loop S^/'i term, whereas a vertex without a circle originates from the tree-level Sfy^m 
term. 

Unlike the five-graviton amplitude in Q where there were only two field theory dia- 
grams to calculate, there are now five separate diagrams to evaluate (figure ||). Diagrams 
(a) and (b) both contain internal states carrying momenta y/—2ki ■ k2, the first with an 
intermediate graviton and the second with an intermediate dilaton. Diagrams (c) and (d) 
are similar: the first contains an intermediate S-field carrying momenta \/ —2kr ■ ks and the 
second contains an intermediate graviton carrying momenta y/—2ks ■ kg/, where r G {1,2} 
and s,s' £ {3,4,5}. Diagram (e) is a contact diagram formed from a single five- vertex. 
All these diagrams must be evaluated and subtracted from the B'^h^ amplitude, before the 
remaining terms can be covariantised. 

Diagram (a) consists of a BBh three-vertex connected via a graviton propagator to a 
four-graviton one- loop vertex and can be evaluated as follows. The three- vertex is found 
from ( [4.7D and first must be contracted into the two on-shell -B-fields, Bi and B2. The two 
free indices are then contracted with the graviton propagator ( 4.11| ), before multiplying by 



10 



the four-graviton vertex derived from tg^s-^^- Finally, the remaining external legs contract 
into the three gravitons, /13, /i4 and /15. After some work, the result simplifies to 



B h 



B 



h 



\i hi 1 _i f t,a2^C2^62d2 1,(13 l,C3 7 bsda 7,047 £41646(4 

y \ — '-8aifei--'-8ci(ii--n'3 "-3 "-1 "'4 "'4 "-2 "'5 "'5 "-3 

X I ~ ~ — I ^/C]^g/Ci hj-i -Di f'^0 -^9 ^'^le'^1 -^1 f 9 ^9 "^9 

^'^lG-^A j-A/orijo rijQ -'-'9 ^'•'le'*'"! -'-^l f 9 ^^9 

~|~ ^rC-| /C-i JlJ\^fKr^ Ko-tjcy ~\~ ^rC-t JlJ\(^j Key Krx rhnjDcy 

~\~ rC-i rC-i Jl}~j^^frCr) rxny -Do 

+ ih + k2r {ki + k2r {^bJ''' bI'^' + ^i?ie/i?2^ry^^"^) J , (4.14) 



where all terms apart from those in the last line are poles. The penultimate line is a pole 
containing an r/ factor. Since there are no such terms in the B'^h^ amplitude, this must 
cancel with an equivalent term from another diagram. 

Diagram (b) is similar in spirit to diagram (a), but with a dilaton as the intermediate 
particle. As such, the simpler dilaton propagator is used to contract the two vertices. The 
three- vertex now originates from the (jiH'^ term in S^'o ■ The diagram is easily evaluated as 



"Ni-Lh — /o 7, y-o J h.a2rC2ib2d2 ,03,03, bads i_a4,i,C4,,b4d4, 



h 

i 

h 

\cihid 



X ih + k2r (ki + k2rr]''''' { j^-^^k^eBifgklBi' - ^B^efBlf\ . (4.15) 



The pole term has exactly the correct form to cancel the pole containing rj in the previous 



diagram, and the second term exactly cancels the final term in (4.14). So the sum of 
diagrams (a) and (b) is given by ([4.14|), but without the two terms containing t] factors. 



Diagram (c) accounts for the poles where a B-field and a graviton are separated from 
the other particles. Consider the particular case where the separated B-field is Bi with 
momentum ki and the separated graviton is hi with momentum ^3. We start from the BBh 



three- vertex given by (4/7) and contract Bi and hi into two of the legs. The remaining 



leg is now connected by the two-form propagator ( 4.13| ) to a B^h^ four- vertex from the 



expansion of tgtgR . Finally, the remaining three legs are contracted into B2., /12 and ^13. 
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After simplifying the result we obtain 

B 

i 

h 



g/— r" — ''8ai6i---''8cidi---«'2 '^2 ^2 '^i ""4 "'2 "-5 '^'5 '''3 
1 



X I y-^rri +kiekifk\'k'l^Bl^''^h\^ + 2kiekifk\'Bl^''^kfh\f 



ZirC'\^QrC'i fC-i Z5i rfCnll-i ZiK\qK'\ -Di rKnfvn Ail 

Z/v]^g/C-| rC-| /l>-| f'^'i Ai"! ~r "^le"^l f -C>-| /Co /Co /Zi 

^/v]^gnj-| -L3i f'^'^ fZ'i ll-i Zit\i\Q±lJ '\ f'^'i i^o tyin ilj-i 

^/C]^g/C-| -l5-| f'^'^ '^'^ '^l ~n ^rui nj-| -D'\^^fi\in /Co/Zi 

+ 2(A:i + A:3)'^n^i + A:3)^^i?iJ''^/ii^^M . (4.16) 

Diagram (d) is almost identical to the pole diagram calculated in [||], which itself was 
derived from a similar amplitude in |]l^, the only difference being the four- vertex. This 
difference, however, is minimal since Rated and V[aHh]cd expanded to lowest order both 
have the form IdadcX^b, where X is h and B respectively. As such, we can simply take the 
result in M and replace the relevant gravitons by B-fields. Let the two gravitons which are 
to the left of the propagator be hi and /i2 with momenta k^ and /c4 respectively. Then 



""Shi _ J. J. t.a2 I.C2 nb2d2 uas ,C3 Tjb3d3 ,a4 ,C4 ,b4d4 

>^^B — '-8aifei---'-8cidi-'*'l "-l -Ol "'2 '^2 -"2 '^5 ""5 "'3 
h / 

— '' + ksekafkl'kl'hl'^'h"/ + 2k^ek3fkl^hl^^^k'l^hlf 



k-i ■ k. 



3 • ft-4 



ZiK^qKq ri-\ j"/v/t rv^ itn ■^'^3e'^1 f'^A'^A f^A '^O 

ZifV^QrCn fl-\ f'^^A '^A '^O "T f^O f^O '^\cf'^A'^A 
~\~ ZirCn n\Qff\iA'^A'^A 9 "^ ^rZn rCn 'f'lQf'^A fyAfl") 

~\~ '^Xe.f'^A A f^A A '? ~'~ ■^'^q '^lef^^zL '^A f^A '? 



~\~ rCn fCq '^^C f A A '^O 

+ 2(A:3 + k,r ih + k^rhj^'hl'^' J . (4.17) 

Finally we calculate diagram (e), which involves expanding the i?^(V-fr)^ term from 
the one-loop S^/a action, 

/ d X^/^tg^ ^ tg^ ^ V[aiHbi]cidi'^[a2Hb2]c2d2^a3b3C3d3Ra4b4C4d4, (4-18) 

to third order in h and contracting all legs into the on-shell external states. Since at 
lowest order S'^/s contains two gravitons, it is necessary to expand to one order higher than 
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leading-order. The fifth graviton cannot originate from ^—g ~ 1 + 2^°" a since the external 
gravitons are traceless. However, it can originate either from a tg tensor, from a Riemann 
tensor or from a '^[a^hYd factor. After a slightly involved calculation which uses (^), 



gj) and Q, we find 

bwJI r,5y. J. i.a2 I.C2 nb2d2 i.as i,C3 ibsds ,a4 I.C4 j^b4d4 

^?Y ~ ^8aibi--f-8cidi--"'2 "-2 -°2 '''4 '^i "'2 '^5 '^5 "'3 



kieBl^'^^kl^hl'^ + \kieB\''^'klh1'^^ 
kl^k''^Bie'^^h\'^ 



kiekl^B\^^'hl^'' 



-I- 9^fo L fo J 1.^2 I.C2 nb2d2 i.a3 I.C3 Tjbsds i.a4 UC4 i^b4d4 

\ ^ 3 1 e 4 2 ' 3 le 4 2 3 le "'4'*2 

l,aiLCiT dirfeie ifei l,ai 7,ci7 die , r di l,e7,ai i feici\ 
3 3 Ie 2 1 e 4 4 2 ' 1 e 4 4 2 / 

+ all permutations of (i?i, B2) and of (/ii, /12, h^)- (4.19) 



4.4 New ij2_R3 Terms 



All the above diagrams need to be subtracted from ( p.l4| ), before the remainder can be 
covariantised to discover new H^B? terms. The matching of the pole terms is guaranteed 
from unitarity and indeed it is readily seen that the poles in the sum of (|4.14 ) and (|4.15| ) 
match with the poles in ( ^.151) , that the poles in (|4.16| ) match with the poles in (|3.16| ) , and 
that the poles in ( 4.17| ) match with the poles in the |^rsP part of ( ^.14 ) for r, s = 3, 4, 5. 
This leaves the non-poles. In the amplitude these arise from both the |^rsP and Crs 
terms. In the field theory they originate from both the non-pole terms in diagrams (a) to 
(d) and from the entirety of the contact diagram. Consider first terms where two gravitons 
are singled out. As explained in [P, it is always possible to single out such terms even for 



the non-poles. Then the non-poles in ( 3.14 ) can easily be seen to match the non-poles from 



( 4.17 ) and the second half of ( 4.19 ). The matching is practically identical to that for the 
lowest-order expansion of the five-graviton amplitude in |||] . 

Next consider terms where a B-field and a graviton are singled out. For concreteness 
assume Bi and hi to be the separated fields. Then we need to compare the final two lines 
in ( p. 16 ) and the C13 term with the final line in (4.16) and the first half of (4.19). After 
doing so, not all terms cancel; the remainder are given by 



r)f f h,a2 r,C2 Tyb2d2 uas 1C3 ibsd-s i.a4 1.C4 7b4d4 ( jy cii.ei.biiaidi n ai i.bi idi icie\ 

■^''8aifei---''8cidi---"'2 2 2 4 4 2 5 5 3 {-'^le "'3"'3 "-i -'-'le '^2, 3 1 )' 

(4.20) 
Such terms are potentially problematic since they cannot be covariantised into new effective 
action terms. An attempt to do so would generate terms of the form t8t8B(\/H)R'^, but 
such terms cannot appear since they are not gauge- invariant. So there must be a mechanism 
whereby these extra terms cancel against other terms. 
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Finally consider terms where the two -B-fields are singled out. This involves comparing 
the final two lines in ( |3.15| ) and the C12 term with the penultimate term in (4.14); the con- 



tact diagram ( 4.19D now makes no contribution. After cancelling the field theory diagrams, 



the remaining terms are given by 

Oic I. io J l.a2i,C2j.^b2d2i.a-i,C3,b3d3i_a4i.C4 7bid4 
^''8aibi---'-8cidi---'>'3 "-s "■1 ",4 "'4 "-2 "'5 "'^ "'3 

X ( + Bie^'k^kl'B^''^' - Bie'^'kl'^^B^'" - kiek\' B^'^' Bf' 
- kl'kf^Bie^^B^^^ - kieB^^^^kl'Bf^ + k'l^Bie'^'klB^"^^ 
+ k^'Bie'^^k^^'Bf' - kf^Bie'^'k^'B^'^ + IkieB^^^^k^B!^^'^^). (4.21) 

Not all of these terms can be generated from new terms in the effective action: those terms 
with 'naked' -B-fields, i. e. those without any momenta multiplying them such as the Bi in 
the first term, cannot be covariantised in a gauge-invariant manner. The resolution is that 
the first four terms in ( ^.21| ) and the two terms in ( |4.20| ) actually cancel when summed 
over all permutations of the external states. The proof of this uses an identity between 
four iiQ tensors which is shown in the appendix of |l|. Consider 

fTABaibia2b2a3b3a4b4 _, TABa2b2aibia3b3a4b4 , rABasftaaibi 026214^4 _|_ lABa4b4aibia2b2a:jb3\ 
V'-IO "I" "-lO "T ''10 "T ''10 J 

^ iCidiC2d2C3d3C4d4^^^^^2^^ ^2^^ i?26idi ^802 ^3c2 ^162^2 ^4a3 A:4c3 /i263d3 ^604 ^5c4 ^364^4 1 (4.22) 

which vanishes due to identity (A. 4) in [^ . By expanding each of the f lo tensors as a sum 
of four ig tensors as in (A. 2) in Q, it is easy to show that this gives the first two terms 
in (4.21|) and the two terms in ([4.20|) summed over all permutations of the gravitons. The 



final two 'naked' i?-terms in ( f4.21 ) cancel with the Bi <-> B2 equivalent of ( 4.2C| ), which is 



shown by considering the above identity but with Bi and B2 interchanged. 



This leaves the final five terms in ( 4.21 ) and we can now ask what term or terms in 



the effective action might give rise to them. By considering 

^'3 / ^10 /—:j.aibia2b2a3b3a4b4,cidiC2d2C3d3C4d4TT J7 <= p p p 

u. u xy y '■g "-g -'^aicie^^bidi -'''a2O2C2a2'^'*3O3C3a3-'T'a404C4a4 

(4.23) 
it is easy to see that, at lowest order in h, exactly these five extra terms are generated and 
this then is our required new term to account for the B^h^ one-loop amplitude. 

This term agrees with the conjecture in |l^ (see their (2.11)), but disagrees with 
the covariant RNS calculation in Q, where it is claimed that the tgtg part of the H^E? 
term is as above but with the H^ part replaced by Ha^ii^eHcidi'^- We believe the difference 
arises because Q, as indeed acknowledged there, makes no attempt to subtract field theory 
diagrams due to known quartic terms in the effective action. It is also worth noting that 



our result disagrees with the light-cone gauge GS calculation in [19]. 

5. The B^h Amplitude 

It is relatively straightforward to extend the whole of the previous analysis to the B^h 
amplitude. In calculating the B^h? amplitude in section ^ (and in the five-graviton case 
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^$ B 




B 

^$ ^B 



h 




i^ ^B 



(a) 



(b) 



(c) 




Figure 3: Field theory diagrams contributing to the B'^h amplitude: (a)-(c) pole diagrams, and 
(d) a contact diagram. 



in [^) at most two vertex operators give dX"" and BX"" terms, with the remaining three 
operators giving R'^^k^R'^'^k'^ factors. These three factors simply lead to k^k^Xac factors 
in the amplitude, where X is either h or B, and so the difference between B^h^ and B^h 
is minimal. Let the four NS ® NS two- forms be i?i, B2, B3, i?4 with momenta ki, k2, 
k^, k4, respectively, and let the graviton be labelled hi and have momentum k^. Then 
the B'^h amplitude is given by ( ^.61) but with h^h^h^ replaced by B^B'^h}. Similarly, the 
lowest-order expansion is given by the same replacement in ( 3.14| ). 

There is also little difference between the effective action diagrams for B^h? and B'^h. 
This follows since, as explained in [Q], all diagrams, even the contact diagram, contain 
exactly two particles which play a privileged role. The remainder merely act as spectators, 
appearing as Rabcd or V[a-fff,]crf factors expanded to leading order. So there is little point 
explicitly evaluating the new diagrams. However, for completeness, the relevant diagrams 
are shown in figure ^ where several new vertices are required: the four-vertex from the 
lowest-order expansion of the (Vi7)^ term in ( ^.21 ), the equivalent vertex from the R(j){VH)^ 
term, and the five-vertex from the expansion of (VH)^ to first order in h. 

The poles in all channels match in an identical manner to that for the B^h'^ case and 
the 'naked' i?-fields cancel using the same iio identity. This leaves the same five kBkB 
terms as for B'^h? , but now with two of the kakch^ factors replaced by kakcB^- So the 
new term required in the effective action is given by 



a 



/3 



710 



ai 61 026213 ''3«4''4^CidiC2(i2 £3^3 £4^4 



d'"x^/^t^ 



X ^aicieJ^bidi ^ [a2^b2]c2d2^ [a3^b3]c3d3^a4b4C4d4- 



(5.1) 



It is notable that, as in [^ where the quartic effective action including i3-fields was 
written by generalising R^ to R"^, we can write both the H^R^ and H'^R terms as 



Q 



/3 



710 



d'^x^/^t 



aibi---a4b4,c\di'--C4d4 
to 



J^aiCieJ^bidi -'ta2 b2 £2^2 ^13 63 £31^3^04 64 £4^4; 



(5.2) 



where 

Rabcd = Rabcd + 2^~ ^[aHb]cd- (5-3) 

In fact, as in (^^), ||5[ also includes an additional term in Rabcd which involves the dilaton. 
It is interesting to conjecture that the same may also be true here. This predicts various new 
terms, such as H'^R?{S/V4>) and H'^{W(j))^. To confirm such terms it would be necessary 
to calculate five-particle amplitudes involving dilatons, such as the B'^h?(f) amplitude. 
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6. The eg eg Terms 



So far we have only considered tg tensors, where tg is formed out of products of delta 





symbols and which originate from a trace over four Rq tensors. This trace, however. 



also contains an eg tensor, 

= ^_f<^'^'^^f9h _|_ ^abcdefgh /g -^\ 

with the lb sign depending on the 5*0(8) chirality. Although momentum conservation 
requires all terms involving eg to vanish in massless NS (8) NS four-point amplitudes, this 
is no longer the case for amplitudes involving five states. This leads to various terms in 
the effective action such as eioeio-R^ and B A tgi?^. Since the GS light-cone formalism 
requires k~^ = for all external states, the B A tgi?^ term will not be visible. However, 
terms with at least two contractions between the epsilon tensors should be visible. The 
eioeio-R^ term was studied in |||]; here we study equivalent terms involving i?-fields, such 
as eioeio{VHfR^ and eioeioi^^i?^. 

All tg factors in the B^h^ amplitude originate from a trace over four Rq and so eg 
terms can be included simply by replacing tg by ( |6.lD . Since the identities used to reach 
(|3.6| ) continue to hold for the eg terms ^ , the final amplitude expanded to lowest order is 
given by ( 3.14| ) but with every occurrence of tg in ( |3.7|) and ( |3.8|) replaced by ^eg + tg. As 



a consequence of the greater antisymmetry of eg , all but the final line of Ars vanish and so 
the eg parts of the amplitude contain no massless poles. 

In addition to the tgtg terms studied above, the full amplitude now contains tgeg and 
eg eg terms. The tgeg must vanish since they do not respect the parities of either the II A 
or IIB theory. For the five-graviton amplitude at lowest order in a' this was demonstrated 
explicitly in |Q]; the equivalent statement for B^h"^ can be shown in an identical manner. So 
the full amplitude reduces to (tgtg ± |egeg) multiplied by the usual kinematic factors and 
integrals, with +/— for IIB/IIA respectively. As discussed in |jl], this calculation appears 
to give the wrong sign for the egeg terms, as can be seen by comparing with the known 
eioeio-R^ term in the effective action. We leave this issue unresolved and instead conjecture 
that +/- should refer to IIA/IIB. 

As with the tgtg terms, before any eioeioH^ R^ can be determined it is important to 
subtract diagrams due to quartic terms in the effective action. For the pure Riemann term 
it is known that the one-loop tgtgi?^ should be extended to 



q'3 



j d^^x./^e^'^ihh ± |eioeio)i?', (6.2) 



with +/— for IIB/IIA respectively po| , ^ . It is natural to conjecture that the tgtgi?^ term 
in (|4.2|) is extended in a similar way to (tgtg ± ieioeio)-R'^, giving the new terms 



_l_£ /3 / jlO r^T, a aibia2b2a3b3a4b4 mncidiC2d2Csd3C4d4 r> r> (a 1\ 

in « I u XV ytiomn ^10 ^aibiadi ' ' ' 'n-a4b4C4d4- l"-"Jj 
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The following analysis will confirm this for a subset of these terms, including eioeio(V-ff)^ 
and eioeioR^{VHf. 

The expansion of ( |6.3[ ) around Minkowski space proceeds exactly as in section Q. The 
only new ingredient is the expansion of the eioeio factor. As shown in ||^], with the un- 
derstanding that eioeio is always multiplied by a tensor which is symmetric under the 
interchange of pairs of adjacent indices, i.e. under (a^, h^-) <-^ {a^, bg), then to first order in 
h, 

aibi-a4b4 mnc\d\---C4d4 n a\hi---a4b4 cidi-'-c^d^ 

^10 mn ^10 — *■ — ^cg Eg 

A- Rlh ."ip*''i"'^4''4 ,cidi---C4(i4 I 7 fei aii-- -0464 cidi-- -046(4 N 
^^ V 2 —8 —8 ^ —8 —8 ^ ' 

(6.4) 

Here eioeio are 'curved' epsilon tensors which can be rewritten as a sum of products of the 
metric g, and eg eg are 'flat' epsilon tensors which can be rewritten using fiat metrics rj. 

Due to the extra antisymmetry of the epsilon tensor, the four- vertex from ( |6.3D vanishes 
and, as a consequence, the eioeio-equivalents of diagrams §(a)-(d) all vanish, leaving only 
diagram |2|(e). This tallies with the lack of massless poles in the eses part of the amplitude. 
However, since the expansion of eioeio is so similar to the expansion of ^8^8; it is prudent 
to ignore this fact. Then the subtraction of the field theory diagrams from the amplitude 
proceeds exactly as for the ^8^8 terms. 

After subtracting all diagrams and again using (^4.22| ), but with ig replaced by eg, 
it is the same five terms in the e8e8-equivalent of ( [4. 211 ) which remain, leading to two 
conclusions. Firstly, since the field theory diagrams which must be subtracted involve the 
egesBBhh and e^e^hhhcj) vertices, we confirm the presence of both the eioeio-R^(V-ff)^ and 
eioeio-R^</> terms of ( |6.3| ). Secondly, analogous to ( [4.23| ), it is necessary to add the term 

4- ^/3 / ^10„ / — ~c aibia2b2a3b3a4,b4, mncidiC2d2C3d3C4d4, 

± -a a ajv-^Ciomn ^10 

-^ J^aicie-'^bidi ^a2b2C2d2'^a3b3C3d3^a4b4C4d4i l'-*'^j 

where, as mentioned above, we switch the signs so that +/— applies to HB/HA respectively. 
Since this has the same structure as the t^t^H^E? term, the full H^R^ term can be written 
as the combination 

a'3 / d^'^x./^ (tsts ± l€w€io)H^R^ (6.6) 

where H^R? is shorthand for the above tensor contractions. This mirrors the usual tgigR'^ 
term, which is similarly generalised to {tstg ± |eioeio)-R^. 

The e8 terms for the Bh"^ amplitude work in an almost identical manner. The field 
theory diagrams now contain two new vertices, the egegBBBB and e^e^hBBip vertices. 
From these we can confirm the presence of both the eioeio (Vii^)^ and eioeioR{VH)'^(j) 
terms of (|6.3|). Further, the tstsH'^ {V H)'^ R term needs to be supplemented by 

4- ^,'3 / rl^O I — - a\b\a2b2a3h3a4b4 vanc\d\C2d2C3d3C4d4 

X i7aiCie-f^bidi''V[a2iJb2]c2d2^[a3-^b3]c3d3 -^046404^4' (6-7) 
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and so, as with H^R^, the full H^iV H)^R term packages together as a'^ / d^^Xy/^ {t%t% ± 
\eioeio)H^{VHfR. 

As mentioned in section g, it is again notable that the full H^R? and H^(VH)^R terms 
can both be written succinctly as the single term 

„/3 / jlO„ / — -/■j.aibi---a4b4,cidi---C4d4,l aifei •••0464 mncidi •••04^4 n 

^ J^aiCieJ^bidi ^02^202^2 -^lafescads -"■a4b4C4d4 j v^'"j 

with R given in (^.3|). 
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